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Abstract. We consider closed immersed hypersurfaces evolving by surface 
diffusion flow, and perform an analysis based on local and global integral 
estimates. First we show that a properly immersed stationary {AH = 0) 
hypersurface in M'^ or Mf^ with restricted growth of the curvature at infinity 
and small total tracefree curvature must be an embedded union of umbilic 
hypersurfaces. Then we prove for surfaces that if the norm of the tracefree 
curvature is globally initially small it is monotonic nonincreasing along the 
flow. We also derive pointwise estimates for all derivatives of the curvature 
assuming that its norm is locally small. Using these results we show that 
if a singularity develops the curvature must concentrate in a definite manner, 
and prove that a blowup under suitable conditions converges to a nonumbilic 
embedded stationary surface. We obtain our main result as a consequence: the 
surface diffusion flow of a surface initially close to a sphere in is a family of 
embeddings, exists for all time, and exponentially converges to a round sphere. 



1. Introduction 

Let / : M" x [0,T) M"+^ be a family of compact immersed hypersurfaces 
f{-,t) = ft : M ^ ft{M) = Mt with associated Laplace-Beltrami operator A, miit 
normal vector field v, and mean curvature function H . The surface diffusion fiow 

(1) |/-(^^)^' 

is the chief object of interest for this paper. Equation ([l} is a fourth order degenerate 
quasilinear parabolic evolution problem, the local existence of which is now standard 
in the literature; see [5] for example. Our goal in this paper is to establish regularity 
and stability results analagous to the pioneering work of Kuwert & Schatzle [T¥lll5). 

The hallmark geometric characteristics of surface diffusion flow are the following: 
using Vol Mt to denote the volume enclosed by Mt in R"+^ we compute 

d f 

(2) —Vol Mt = I AHd^i = 0, and 
d't J M 



(3) ^ I '^^^ I ^^^^t^ = " / < 0; 



' |Vi/'2' 
'M JM JM 

SO that a manifold evolving by ([1]) will exhibit conservation of enclosed volume and 
monotonic decreasing surface area. Further, surface area is preserved exactly when 
the mean curvature of Mt is constant. This is similar to mean curvature flow (with 
normal velocity d^f — —H) where surface area is monotonically decreasing, and 
stationary if Alt is a minimal surface. As mean curvature flow may be used as a tool 
in studying minimal surfaces, surface diffusion flow may be used to study surfaces of 
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constant mean curvature with a prescribed volume. These properties make surface 
diffusion flow one of the most natural fourth order flows one can consider (with the 
other candidate being Willmore flow, where d^f = AH + and a model 

problem to be well studied before moving on to more general evolution equations. 

Since one may derive ([1]) by considering the iJ^ ^-gradient flow for the area 
functional (see Fife [9]), one may suspect that a program of study similar to that 
presented by Kuwert & Schatzle [111 [15] on the gradient flow for the Willmore 
functional is not approriate. Indeed, the natural reaction is to guess that surface 
diffusion flow has more in common with mean curvature flow than Willmore flow. 
With this in mind, an immediate goal is to establish a lower bound on the surface 
area of the evolving hypersurface. This would follow from the computation ([2|) and 
the isoperimetric inequality, so long as we can show that if /o is an embedding, then 
ft is also an embedding. The crucial point is to prove (Proposition [T2|) that under 
assumption ^ below the curvature is monotonically nonincreasing along the flow. 
Combining this with a result from Li Sz Yau [16' finally allows us to conclude that 
embeddedness is preserved for surface diffusion flows satsifying ([4|), and that the 
surface area is uniformly bounded away from zero. 

With our analysis in this paper we affirm that the general technique of localised 
integral estimates and blowup analysis from fil 115) is effective for surface dilfuson 
flow. Our main result is the following theorem, analagous to Theorem 5.1 in [14) . 

Theorem 2. There exists an absolute constant cq > such that if f : M ^ x [0, T) — > 
M.^ is a surface diffusion flow with 



then T = oo, / : A'P x [0, oo) — > M'^ is a family of emheddings, and Mt — 5*^ 
exponentially, where S"^ is a round sphere. 

Our larger aim is to instigate a systematic study of the asymptotic behaviour of 
the surface diffusion flow. One way to view the condition (|4|) is that the deviation 
of / from being round is small in an averaged sense. Our result here can then be 
viewed as a kind of stability of spheres theorem in the norm. It then becomes 
natural to query on the global behaviour of / when this deviation is greater than 
eg, or even if it is initially very large. At this time, we do not know of any analytic 
example which rules out dropping condition (|4|), or allows us to provide an upper 
bound for eq. As a first step, it would be interesting to determine whether an 
immersed sphere with image a symmetric figure 8, having zero enclosed volume, 
shrinks to a point and vanishes in finite time. 

The surface diffusion flow has been considered for some time in the literature. 
First proposed by MuUins [21] in 1957 (two years before he proposed the mean cur- 
vature flow), it was originally designed to model the formation of thermal grooves 
in phase interfaces where the contribution due to evaporation-condensation was in- 
significant. Some time later, Davi, Gurtin, Cahn and Taylor [IJ |B] proposed many 
other physical models which give rise to the surface diffusion flow. These all exhibit 
a reduction of free surface energy and conservation of volume; essential character- 
istics of surface diffusion flow. There are also other motivations for the study of 
([TJ. For example, two years later Cahn, Elliot and Novick-Cohen [3] proved that 



(4) 
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(IlJ is the singular limit of the Cahn-Hilliard equation with a concentration depen- 
dent mobility. Among other applications, this arises in the modeling of isothermal 
separation of compound materials. 

Analysis of the surface diffusion flow began slowly. Baras, Duchon and Robert 
[1] showed the global existence of weak solutions for two dimensional strip-like do- 
mains. Later, Elliot and Garcke f7 analysed the surface diffusion flow of curves, 
and obtained local existence and regularity for C"*-initial curves, and global exis- 
tence for small perturbations of circles. Escher, Mayer and Simonett [8^ gave several 
numerical schemes for modeling ([T]), and have also given the only two known nu- 
merical examples |18| of the development of a singularity: a tubular spiral and 
thin-necked dumbbell. Ito [13j showed that convexity will not be preserved under 
surface diffusion flow, even for smooth, rotationally symmetric, closed, strictly con- 
vex initial hypersurfaces. Quite recently, Blatt [2] generalised this and showed loss 
of convexity and loss of embeddedness for a large class of flows. 

There have been many important works on fourth order flows of a slightly dif- 
ferent character, from Willmore flow of surfaces to Calabi flow, a fourth order flow 
of metrics. Significant contributions to the analysis of these flows by the authors 
Kuwert, Schatzle, Polden, Huisken, Mantegazza and Chrusciel O [T4j [T5j [171 122] 
are particularly relevant, as the methods employed there are similar to ours here. 

Simonett [23] used centre manifold techniques to show that the statement of 
Theorem [2] holds under the stronger assumption that /o is C^'"-close to a round 
sphere. Our analysis here is completely different, drawing inspiration instead from 
the work of Kuwert & Schatzle [T4j[T5] on the Willmore flow of surfaces. The most 
transparent difference between surface diffusion and Willmore flow is that one lacks 
the explicit structure of an gradient flow. While we are able to show that under 
assumption (j4]) we have 



it is completely unknown whether or not this is true for initial data violating ([4]). 

This paper is organised as follows. In Section 2 we derive integral estimates in 
the case where the tracefree curvature is locally small in L", where n G {2, 3}. Us- 
ing these we conclude our first results, curvature estimates and a gap lemma on the 
stationary solutions of ^ satisfying a small tracefree curvature assumption and 
restricted growth of the second fundamental form in at infinity. The key ingre- 
dient allowing the classification result to go through in three intrinsic dimensions 
is a new multiplicative Sobolev inequality. We also outline the proof of a lifespan 
theorem and interior estimates, which are analogous to Theorem 1.2 in [15] and 
Theorem 3.5 in [14] . Section 3 contains the blowup construction we will employ, 
and shows that for surface diffusion flows satisfying Q the blowup at a finite time 
curvature singularity is a stationary, nonumbilic surface with AH = 0. In Section 4 
we show that this is in contradiction with the gap lemma, and thus obtain long time 
existence for surface diffusion flows satisfying ^ . In Section 4 we also examine the 
global behaviour of such a flow and show exponential convergence to spheres. 

We have developed the exposition to be particularly relevant to the case of 
globally constrained surface diffusion and Willmore flows, where the immersion 
evolves by 




(5) 



-f={AH + h),y, and -J = {AH + HlA"]^ + h),y 
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respectively, for some constraint h : [0,T) — > K. The flow is non-local, in the 
sense that the motion of points on M may depend upon global properties of M, 
such as total curvature, surface area, mixed volumes, or other quantities. Choices 
of h are motivated with some geometric consideration in mind, and give rise to 
mixed volume preserving surface diffusion flow, and surface area, volume preserving 
Willmore flows for example. With suitable structure conditions placed upon the 
constraint function h, one may conclude analagous results to those presented here, 
albeit with the distance from a sphere in a possibly higher norm [351 HH] • 
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3. Local estimates 

This section is in two parts. In the first part we compute integral estimates which 
hold for any immersion, and use these with multiplicative Sobolev inequalities to 
show curvature estimates and a gap lemma. In the second part our primary focus 
is on proving estimates which will allow us to overcome our lack of a convenient 
gradient flow. There we utilise the evolution of certain integral quantities along the 
flow to conclude interior estimates and a lifespan theorem, similar to Theorems 3.5 
and 1.2 in 14 and 15^ respectively. 

Throughout our analysis we will make extensive use of a cutoff function 7 — 
7 o / : M -> [0, 1] with compact support in M and 7 e C^(]R'^) which satisfies 

(6) IIV7II00 <C^l, ||V(2)7||oo < C^2(l + |v4|), 

for some absolute constants c^i,c-y2 < cxd. Note 7 automatically has compact 
support in M so long as / is a proper immersion. We frequently use the notation 
ll'llp for the LP norm, and |H|p,[7>o] for the norm restricted to the set where 
a function 7 is positive. We also use Pl{T) to denote a sum of contractions of i 
copies of T with j covariant derivatives in each contraction. 

Since we feel this argument is quite robust, we will use the convention F = 
d^f = AH to indicate how one may proceed for other flows. We begin the first 
part of this section by noting some easy consequences of results from [14] . 

Proposition 4. For an immersed hypersurface f : M" — !■ j as in ^ and 

s > 4 we have 



JM JM JM 



surface diffusion flow near spheres 5 

Jm "'[7>o] Jm 

where c and c\ are functions of n and s only. 

Proof. Combine the obvious estimate 

(7) / H^\ArYd^i<sf H*\A"\'Ydfi + ^J |A°|VrfM, 

Jm Jm Jm 

valid for any 5 > 0, and Proposition 2.4 from [14, . □ □ 

The next four lemmas are generalisations of results from [T31 [TS] to at least 
include the case n = 3. We include the first three with a view toward future 
applications, while the fourth is instrumental in proving a gap lemma for n = 3. 
Each proof relies in a crucial way on the exponent in the Michael- Simon Sobolev 
inequality [20] , and for n > 4 we have not been able to obtain a statement as useful 
as pUj) . We will omit the proof of the first three lemmas as we feel they are quite 
straightforward. 

Lemma 5. Let f : M" — > M"+-'^ be an immersed hypersurface. For u € Cl^{M), 
n < p < oo, < /3 < oo and < a < 1 where = {-^ — + 1 we have 

\\uU<c\\u\\l-'^{\\Vu\\p+\\Hu\\X, 

where c — c{n,p, /3). 

Lemma 6. Suppose n e {2,3} and let j be as in Then for any tensor T on 
M" and s > 2 there is a c — c{n, s) such that 



s||4-ri 



Jm ' ^Jm 

(C71 



^J[7>01 ' 



Lemma 7. Let n S {2, 3}. Then for any tensor T on f : — ^ ]R"+^ and 7 as in 
1^ there is a c ~ c(c^i, n) such that 

rroo,[7=i] < 4nt^;>o]i\\^i2)T\\u,>o] + \\tax,[,>o] + \\ni[,>o])- 

Lemma 8. Suppose j is as in Then for an immersion f : M"^ — >■ R"^ and 

s>A, 



[ \A°fYdf^+ [ \A"\^\VA"\^Yd^J- 
Jm Jm 



' M Jm 
<C2 f \A°fd^^ f {\V^2)A°\' + \Af\VA''f + \Af\A''\')Yd^i 

i[7>0] JM 



(8) +c(c-yi)V / \A°\'^d^iY, and 
M Jm 

(9) <c\ \A\'d^i f {\W^2^A\' + \A\^)Ydfi + c{c,^r( f \A\'d^^\ 

J[-y>0] JM ^"'[7>0] ^ 
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and for an immersion f : A'P — > R'' and s >Q, 

f \A°f-f'dii+ f \A°\^\VA°\^-f'd^l 
Jm jm 

<5 I |V(2)A''|VrfM + C3||A°||| / {\V(^)A''\'' + \A\Mr + \A°\'h'd^, 

JM JM 

(10) 

+ c(c,if(||A°||^f^>oj + ||A°||fj^>„), 
where 5 > Q and c — c{s,n). 

Proof. As the n = 2 case is Lemma 2.5 in [14] and Lemma 4.2 in jlS], we only prove 

the n = 3 case. First, using integration by parts we estimate 

(11) 

J JM JM J[l>0\ 

for any 5 > 0. Now we use the Michael-Simon Sobolev inequality [20| with u = 
|^o|4^2s/3 estimate 

(/ IA^IV^m)' <c / |V(|^°|V'/')|rfAi + c / \H\■\AXl''''^d^i 

^JM ' JM JM 

<c[ |VA°nA°|7^d/i+( / |A°|VrfM)'(/ 1^1')' 
Jm ^Jm ' ^"'[7>o] ' 

+ c( [ \A"\'d^U [ lAflA^Yd^* +c{c,^nA^l^^^,y 

Note that we needed s > 6. Estimating the above and then combining the result 
with pT|) gives 

|A°|VrfM<c|lA°|l| / |VA°|VdA^ + c(c,i)3p°|l| 

M JA/ 

^|^o|6 I \ A\2\ Ao\i\„,s, 

M 



+ c\\A''\\l^^^^^ jJ\A°\^ + \A\Mr)Yd^, 



+ c(c7i)'ll^°ll|,b>o]- 
This estimates the first term. For the second, simply estimate 

JM JM JM 

and again use (jlip. This estimates the second term, and combining the two esti- 
mates above finishes the proof. □ □ 

We can now prove our main estimate for this part. 
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Proposition 9. Suppose n e {2,3}, 7 is as in ([6]) and f : - 

immersion. Then there exists an eo > such that if [7>o] ^ ^0 ™^ have 



(|V(2)Ap + |Ap|VAp + |A|4|A°|2)/d^ 



M 

< c I + / \A\'d^i + c(c,i)6-"P°|i::,f^>o], 

where c depends on n only. 
Proof. First note that 

(12) \\AX^^^o]<^o\\A"\\l[^^o], and < 

for n ~ 2 and n = 3 respectively. Combining Proposition U with (jS]) for ?i = 2, 
for n ~ 3, gives 



< 



c[ \F\'Ydfi + c{c,,)'\\A\\l^^^,^+c^S{n-2) [ \\/ ^,^A\'Ydfi 

JM JM 

+ cic„|| (|V(2)Ap + \VA\M? + \A\'\A"?)l'd^, 

+ c{n^2){c,,)\\\AX.x,>,] + \\A''\\l^,>,}) 

+ c(3-n)(c^i)'P1l2,[7>0]. 
for any 5 > Q. Absorbing and using (fT2|) . 

(1 - cic„eo^ - ci5(n - 2)) / (|V(2)^P + iV^H^p + \A\M°?)l''d^ 



M 

6 — n II /I o II n 



Therefore, for (5, eo sufficiently small we may conclude the result. □ □ 

We can now give our main theorem for this part. 

Theorem 10 (Gap Lemma). Suppose n E {2, 3} and f : M" M"+^ is a properly 
immersed surface with F = AH = 0. Then if 

I |^°rd^<eo, and liminf^ / \A\^dn = Q, 

Jm p^°° P Jf-HBp{0)) 

f is an embedded plane or sphere. 

Proof. We set the cutoff function 7 to be such that ^{p) = ^ (^■^\f{p)\j , where 

(f e C^(R) and XSi/2(o) ^ < XSi(o)- With this choice c-yi = ^. RecaU that in our 
estimates we do not use the second derivative of 7. Taking p — > 00 in Proposition 
m gives 

|V(2)Ap + iVAplAp + < climinf 

where the terms involving A° vanished since ||^°||2 < eo < 00. Therefore |A| = 0, 
\A°\ = 0, or both, which implies that / maps into a round sphere or plane S C K""'""'^, 
and since / is complete the map / : Af — > 5 is a global isometry. □ □ 
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We now begin the second part of this section, changing focus by proving estimates 
which rely on the parabohc nature of the evolution equation ([T|) . To begin, we state 
the following elementary evolution equations, whose proof is standard [12) . 

Lemma 11. For a surface diffusion flow f : x [0,r) — > R"+-'^ the following 
equations hold: 



81^ = -^^^ 8t 



V = -VF, —A,, = -V„-i^ + FA\A^, , 



^ A% = -5°(V(2)F) + F{A\A„ + '-g,,\A\^ - ^-HA,,\ , and 



-V(,)^--A2V(,)yl + P^+2(^)^ ^^^^^ 



at 

d_ 

dt 

where S°{T) is the symmetric tracefree part of a bilinear form T. 

Using the above evolution equations, and the previous estimates, we may now 
prove that the Willmore energy is nonincreasing for surface diffusion flows satisfying 
@. 

Proposition 12. Suppose f : M^x [0,r) — > R"^ is a surface diffusion flow satisfying 
(HI). Then 

and f{-,t) is a family of embeddings. 
Proof. Proposition [9] with 7 = 1 gives 

/ \V^2)A\^ + \A\^\VAf + \A\^\A''\^dfi<c[ \AH\^dfi. 

JM JM 

Combining this with ([7]) and ([5]) we obtain 

/ \A"\'^H^d^i<c5 I \AH\'^dfi + cs [ lA^l^dfi 

JM JM JM 

(13) <c{5 + cseo) [ \AH\'^dfi. 

JM 

Using Gauss-Bonnet, Lemma [Til and ((T5)) we compute 



= -/ {AH + H\A°f){AH)d^i 

JM 



M 

<-- f \AH\'^dfi + c [ \A°\'^H^d^i 
2 Jm Jm 



<-- f \AH\^d^i, 

^ JM 



I M 

for (5, eo sufficiently small. We have thus shown, for all t, 

1 

4, 

and it follows from Theorem 6 in 16^ that each f{-,t) is an embedding. □ □ 



H^dfi < 8n, 

M 
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Lemma 13. Let 7 be as in ([6]). The following equalities hold for a surface diffusion 
flow f -.W X [0,r) ^ M"+i; 



Jm ^ Jm Jm 

+ j H{VF,VY)-F{'^H,VY)dli, and 

^ [ \A°\^-f''dfi+ [ \F\^Ydfi= [ \A''\^{dtr)dfi+ [ FH\A''\^Yd^l 

"■t JM JM JM JM 

+ 2 [ H {A°, VFV7'') + F (V*A°, d/i 

JM 

(14) -2 / F{Ay^{Ay,{A'')':Ydn. 

JM 

Proof. Using Lemma [TTl 

J f lH'Ydf,= f H{~AF-\AfF)Yd^^+ f ^H'i^t.rld^,+ f ^H^FYdfi 
= - / H{AF)Yd^i- [ FH\A°\^Yd^^+^ I H\dtY)d^i. 

JM JM ^ JM 

Litegrating by parts twice, 

^ [ iijVdM+/ F^Ydt,^\l H^{da')diJi- I FH\A"\'Ydf^ 

JM ^ JM ^ JM JM 



[ H{\/F,\/Y)~F{\/H,\/Y}dn. 

JM 



'M 

This proves the first statement. For the second, first compute 
d 
di 



f \A°\^Yd^i = 2 f (a°^,-S°^{V^2)F) + F[APA„ + Lg,,\A\' ~ ^HA^,,])Yd^^ 

JM JM ^ n 11. I 

+ / \A°fHF-i'dpi^ f \A"\^{da')dn 

JM JM 

= -2/ (yl°,V(2)F)7^dM-2 / F(^°);.(A°)i,(A°)f7^dM 

JM JM 

+ f \A"\^HFYdfi+ f \A"\^{da')dfx, 

JM JM 

Since {A1^,A^A„ - ^HA,) = iA%,{A%{A'')>'^ . Using now V^^^A" = ^AH 
and integration by parts twice gives the second statement, and so we are finished. 

□ □ 

Considering for the moment the tracefree curvature estimate only, we tailor the 
right hand side of the previous identity to be compatible with the multiplicative 
Sobolev inequalities of Lemma [S] 

Lemma 14. Let 7 be as in ([6]), s > 4, and 61,62,63 be fixed positive numbers. The 
following inequality holds for a surface diffusion flow f : M" x [0,T) — >■ R"+^.- 

/ V^A^ + (1 - <5i) / F'Ydti<62f iVA^piJVdM 

JM JM JM 

+ 63 f \A\^\A°\^j^dfi + c f (|A°|6 + |VA°n^°|2)^^dM 

JM JM 
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+ C[(c^2f + (c^ir] / iA°iv-'rfM- 

J M 

where c = c{s, n, Si). 

Proof. We first compute, using integration by parts and the definition of 7, 

2 / (A°)„-(W)(V^'^)rfM + 2 / F{W*A°,WY)dfi^-2 f F {A° ,W (^2)Y) d^l 
JM Jm Jm 



= -2s F 
Im 



(7 (A", {D^ o f )g + {Dj o f)A) + {s - 1) V7V7) )7'"'rfM- 



Note that (A°, {D'^jo f )g'j — ^iji^ijl)9ij is not in general zero, as each 

term in the sum is scaled by the second derivatives of 7. Continuing, 



2 / {A%j{V'Y)iV^F)dfi + 2 f F{V*A°,VY}dfi 
Jm jm 



IM JM 

<c( |F|(|A°|(c,2) + |^°P(c,i))7^-idM + c/ |i^|-|^°|(c,i)V^% 

JM JM 



^ JM JM JM 



We now estimate the terms /^^ FH\A°\^Yd^J- and /^^ F{A°)]{A°)i{A°)^'y'dfi from 
Lemma [T3l Using integration by parts and S/*2)^° = ^IT"^^' 

/ FH\A''\'^Yd^i^- [ \VH\'^\A''\'^Ydfi- s [ H\A°\^ {V H,V-i) Y'^d^i 

JM JM JM 

-2 [ H\A''\{VH,V\A"\)Ydfi 

JM 

<cs, [ \\7A"\^\A''\'^Ydfi + S3 [ \\/A''\^H'^Yd^i 
Jm jm 



1 M J M 

+ cs,{c^if I |A°|V"% + '52/ \A\^\A°\^i'dii. 

JM JM 



This estimates the first integral. The second is easily estimated by 

f F{A° ^A" *A°)Ydn<^-^ I F^YdtJ- + cs, [ lA^fj^dfi. 
Jm 4 Jjyj J 

Finally we estimate the time derivative of 7 as follows. 



\A°\\^tY)d^i^s / \A°\\Y-'{D^,^)F)d^i 

M JM 



4 ./m Jm Jm 



Combining these inequalities with Lemma [T3] and absorbing finishes the proof. □ 

□ 

The following proposition demonstrates some local control of the norm of the 
tracefree curvature. 
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Proposition 15. Suppose f : AP x [0,T*] — > M"^ is a surface diffusion flow where 
for all X G M"^ there exists a < oo such that WAW^ (x)} — Then there exist 

constants ei > and C4 = C4(eo) > such that if 



(15) 



sup 

xeR3Jf-^B,(x)) 



A°\^dfi 



have 



then at any time < t < ti ~ min{c4(T ^p**, T*} and for any x £ 

/ \A°\'dfi + \f I (|V(2)Ap + + \A\M°?)dt^dT 

Jf-HB,ix)) ^Jo Jf-^B,(x)) 

(16) <c[ei+ap-% 

Proof. We first establish an estimate for tlie tracefree curvature. Assuming that 
((T5|) is satisfied on [0,t], t < ti, we combine Proposition IH] with the multiplicative 
Sobolev inequality ([8]) and Lemma [T4l to obtain 

4/ |A°|Vd/^ + c(l-E^-C2eo) / (|V(2)Ap + iV^n^p + 

JM J M 



o||4 



2,[7>0] + "74 Il"^ll2,[7>0] - "TI Il"^ll2.[7>0]- 



C 

where cq > is as in Proposition |9l Choosing 5i small enough and requiring eo to 
be such that c(l — 5i — 0260) = ^ we have shown 
(17) 
d_ 

di 



1 



M 



\ArYdf, + - / {\V^2)A\' + \VA\'\A\' + \A\^\Ar)Ydt^ < -\\A\\i[,^,^ 



M 



Now integrate (fT7|) to obtain 

(18) < ei + ccrp^'^t. 

Motivated by the fact that 2^ balls -Bp/2 can be used to cover a ball Bp, we require 
ei < 4^- Since < t < ■^;§^p'^o-~^ — c^a^^p'^, we use (fT8| and a covering 
argument to derive 

/" +\f I + iVAplAp + \A\M''?dtidr 

Jf-HBJx)) ^ Jo J f-HBJx)) 



1 



1 



'4.24 ■ --"4.24, 

Therefore the smallness assumption of Proposition IH] holds up to time t — ti and 
(IT61) follows. □ □ 



For the interested reader we also state an easy corollary. 
Corollary 16. Under the assumptions of Provosition \75\ above. 



\\^°\\Lj-^B,{x^))dT <c[ei+ap H], and 



\A\^dn 



< 



\A\''d^l 



/-i(B^,(xi)) 



where < p' < p and r < min{c4CT ^{p') ,T*} 
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Proof. To obtain the first estimate, combine (|16p with Lemma[7]and use a covering 
argument. For the second, first note that an argument completely analagous to 
that used to obtain PT)) also gives 

«t JM ^ JM P 

Now the second statement follows from integrating this and combining with the 
estimate of Proposition [151 O □ 

We now turn to controlling the higher derivatives of curvature. Using Lemma 
[TTl one may derive the following local integral estimate. The proof is long but 
somewhat standard; see [TS] for the case of Willmore flow. One computes the time 
derivative of || (V(fc) A)7*'||2, integrates by parts, estimates the result, interpolates, 
and absorbs higher derivative terms on the left. 

Proposition 17. Let f : x [0, T) — > R'^ he a surface diffusion flow and 7 as in 
dH) . Then for a fixed 6* > and s>2k + A, 

^ [ \v^k)A\'Yd^i + i2-e) [ |V(fc+2)A|VrfM 

"'^ JM JM 

< c f \A\^Y-^-^''d^^ + c f {[Pt\A) + P.^A)] * V(k)A) ^dfi, 

JM JM 

where c — c(c-yi, c^2, s, k, 0). 

Note that in the above local smallness of curvature is not assumed. Using this 
we obtain the following. 

Proposition 18. Suppose f : A'P x [0,r*] -^M? is a surface diffusion flow and 7 
is as in Then there is an > Q such that if 



sup / l^l^d/i < eo 

[0,T*1 Jh>0\ 

then for any t G [0, T*] we have 



e = 

[0,T*] J[7>0] 



(19) 



\A\'d^i+ / {\V^2)A\' + \A\'\VA\' + \A\^)df,d7 
[7=1] Jo J [7=1] 



< / \A\'dt, 

Jh>o] 



t=0 



cet, 



where c — c{cji,c^2)- 



The idea of the proof is to integrate Proposition [TTl and then use the multiplica- 
tive Sobolev inequality This will introduce a multiplicative factor of ||^||2 [7>o] 
in front of several integrals, which we can then absorb on the left. Since this is 
similar to [l5j . we omit the proof. 

We will need the below proposition to obtain interior estimates. This is proved 
using Proposition 1171 interpolating the P-terms using Corollary 5.5 from [15) and 
then absorbing. 
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Proposition 19. Suppose f : AP x [0, T] — > M.^ is a surface diffusion flow and 7 a 
localisation function as in ([6]). Then, for s > 2fc + 4 the following estimate holds: 

(20) 

< 4ML.[,>o] I ||V(,.)A|| V^M + + P||t,,[^>o]). 

We next state local interior estimates for ([T|), which hold where and when cur- 
vature is locally small. Once the estimates ((T9)) and ((20|) are established, the proof 
follows similarly to Theorem 3.5 in [14J. Briefly, one utilises cutoff functions in time 
as well as the familiar spatial localisation functions 7 to obtain integral estimates of 
Gronwall type, which in turn gives the estimates in Li^ . Then, using interpolation 
(such as in Lemma [7]), one obtains the L°° estimates. 

Theorem 20 (Interior estimates). Suppose f : AP x (0,r*] M."^ is a surface 
diffusion flow satisfying 

sup / \A\^dfi < eo, for T* < cp^ . 

0<t<T-' Jf-i(B,ix)) 

Then for any A: G Nq we have at time t G (0, T*] the estimates 

l|V(fc)A||2,/-l(B^/3(a;)) < Cky/e^t-^ 
l|V(fc)A||eo,/-i(S^/,(x)) < Cky/e^t-^, 
where Ck = Ck{k,p,T*, \\^(k)A\\2j-^Bpixo))\t=o)- 

Armed with these estimates, we may conclude the following concentration-compactness 
alternative. The proof is similar to that of Theorem 1.2 in [15 : one defines a time 
parameter to and corresponding interval [0,io]: which is the time during which the 
curvature is locally small in L^. Using a continuity argument, one shows that either 
^0 — cqP^, in which case one can conclude the theorem, or that to = T. For the 
latter case, we then use the interior estimates and a tiling argument such as can be 
found in [TU] or [TT] to show that T = 00, and we again conclude the theorem. 

Theorem 21 (Lifespan Theorem). Suppose f : x [0,T) R"^ is a surface 
diffusion flow with fo smooth. Then there are constants p, eo,co > such that if p 
is chosen with 



\A\^dp 



< eo for any x G 



then the maximal time T satisfies 

T > cop", 

and we have the estimate 

/ \A\'^dfi < ceo for < t < cop". 

Jf-HB,(x)) 
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22. Blowup analysis 

This section is split into several parts. First we state the required compactness 
theorem, and detail the construction of the blowup. Our primary concern is to 
demonstrate that under suitable conditions the blowup is a stationary solution 
of surface diffusion flow. Although we do not enjoy an explicit gradient flow of 
curvature, Proposition [T2l tells us that surface diffusion flow is 'almost' a gradient 
flow of curvature, in the sense that if the tracefree curvature is initially globally 
small enough, this condition is preserved and in fact the norm of the curvature 
is nonincreasing. Combining this with our estmates from Section 2, we are able 
to essentially follow [M]. For the convenience of the reader, we detail the entire 
argument. 

Observe that by Theorem[211 T < oo implies that the curvature has concentrated 
in (see (22)). Assuming we prove that the blowup at a time where the 
curvature has concentrated in is a stationary, noncompact, nonumbilic surface 
satisfying the assumptions of Theorem [TOl We apply this in the next section, where 
we contradict finite maximal existence time with Theorem [10] to conclude long time 
existence. A further argument strengthens this result to exponential convergence 
to spheres, and this finishes the proof of Theorem [2l 

Theorem 23 (Theorem 4.2, [14]). Let fj : Mj — )■ R'^ &e a sequence of proper 
immersions, where Mj is a surface without boundary. Let 

M,{R)^{peM, : \f,{p)\<R} 

and assume the hounds 

fij{Mj{R)) < c{R) for any R>0, 
||V(fe)A||oo,Mj < c(fc) for any k G Nq. 

Then there exists a proper immersion f : M — R'^, where M is again a surface 
without boundary, such that after passing to a subsequence we have a representation 

fj ° 0, - / + u, on M{j) = {p e M : \f[p)\ < j} 

with the following properties: 

(pj : M{j) — > Uj C Mj is diffeomorphic, 

M,{R)cU, tfj>j{R), 

Uj e C°°{M{j),R^) is normal along f, 

(21) ll^(fe)"jlloo,AfO) -^0 as j ~> oo for any k G Nq. 

The theorem says that on any ball Bi^{0) the immersion /-,- can be written as a 
normal graph with small norm for j large over a limit immersion /, after suitably 
reparametrising with (jjj . 

Let / : x [0, T) — R'^ be a surface diffusion flow defined on a closed surface 
M^, where <T <oo. Define 

ri{r,t) = sup / \A\'^dfj.. 

Let rj be an arbitrary decreasing sequence with rj \ and assume curvature 
concentrates in the sense that for each j, 

(22) tj ^ inf{t > : ri{rj,t) > ei} < T, 
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where ei — eoco and eo,co are as m the Lifespan Theorem. 
Lemma 24. With the definitions above, we have 

< ei for any x G 



and 



\AYdpi 



\A\'^d^l 



t=ti 



> ei for some Xj £ 

Proof. The first statement is a direct consequence of the definition of tj . For the 
second, fix j and consider a sequence v — ?> oo, v > 1. Consider times tj+i^-i \, tj 
and radii rj. Then for each v there exists 8,11 Xj_^jy—i such that 



\A\^d^ 



Taking — 7> oo in the above equation gives the second statement. □ □ 

We now rescale /. Define immersions 

/, :M'x[- rJ%,rj\T - t,)) ^ R\ f,{p,t) = -{f{p,t, + r^t) - x,). 

The sequence of immersions fj can be thought of as 'zooming in' on the assumed 
curvature singularity at time T. Let rij{r,t) be ry with respect to the immersion fj. 
Then from Lemma [24l we have rij{l,t) < ei for t <0 and 



/-'(Si(0)) 



\A\^dfi 



> ei. 

t=o 



The Lifespan Theorem imphes r^ *(T — tj) > cq for any j and also that 

(23) ?7i(l,i)<eo for < < < cq. 

We apply the interior estimates on parabolic cylinders Bi{x) x (t — l,t] to obtain 

(24) ||V(fc)A||oo,/, < c(fc) for -rJ% + l<t<co. 

Surface area is uniformly bounded, from above and below. Note that in light of 
Proposition [T2] we could also follow [14; and use the local area estimate of Simon 
[23]. Using Theorem [23] with the sequence fj — fj{-,0) : Af^ — ^ we obtain a 
limit immersion fo : M ^R^. Let 0^ : M{j) Uj C be as in Then the 

reparametrisation 

(25) /,(0„-):M(j)x [0,co]^]R3 

is a surface diffusion flow with initial data 

/,(0,,O)-/o + u, : Af(i)^M^ 

The flows (|25l) satisfy the curvature bounds ([24]) and have initial data converging 
locally in C*^ to the immersion /o : M M.'^. By converting the curvature bounds 
to partial derivative bounds in parabolic cylinders we obtain the locally smooth 
convergence 

(26) /,(</>„•) 

where f : M x [0, cq] — > K'^ is a surface diffusion flow with initial data /q. 
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Theorem 25. Let f : AP x [0,T) — > R'' be a surface diffusion flow satisfying ([4]). 
Then the blowup f as constructed above is stationary. 

Proof. Noting the scale invariance of ||^||2j we use Proposition [12] to compute 
\AH{f,iq^,,t))\^dfif^^^^,)dt^ / / \AHJfd^,,dt 

M{j) Jo JU, 

< I \A,m''d^l,- I \AM^d^Ji, 

Jm Jm 

\A{t,)fdfi- f \A(tj+r^co)fdti, 

M JM 

and this converges to zero as j — >■ oo. Therefore AH{f) = and the blowup / is 
stationary under surface diffusion flow. □ □ 

Remark. The above is strictly weaker than the corresponding result for Willmore 
flow from |14| . In particular, we need the tracefree curvature to be small at initial 
time to obtain a stationary blowup at a finite time curvature singularity, whereas for 
Willmore flow the corresponding blowup is always a stationary Willmore surface. 
Note that this means one may still obtain self-similar solutions from a blowup of 
surface diffusion flow, which one might even expect given initial data with zero 
enclosed volume, such as a symmetric figure eight. 

We now need to show that / is nontrivial. The arguments below follow |14) . 
although here the area bound does not present any difficulty. 

Lemma 26. The blowup f constructed above is not a union of planes. 

Proof. Due to the smooth convergence in (j26p and the second conclusion in Lemma 
[21] we have 



\AYd^i > ei > 0. 



/-MBi(O)) 

□ □ 

Lemma 27. If the blowup f constructed above contains a compact connected com- 
ponent C , then M = C and M is diffeomorphic to C . 

Proof. For j sufficiently large, 4)j (C) is open and closed in M . By the connectedness 
of M we have M = (C) and thus M = C. □ □ 

Theorem 28 (Nontriviality of the blowup). Suppose f : AP x [0,r) — > is 
a surface diffusion flow satisfying ^ and let f be the blowup constructed above. 
Then none of the components of f are compact. In particular, the blowup has a 
component which is a noncompact nonumbilic surface with AH = 0. 

Proof. Observe that the surface area fi{M) is uniformly bounded away from zero, 
first by noting that each ft is an embedding (by Proposition [T2]) and then by 
combining the isoperimetric inequality with the computation 

Assume that there is a compact component of /. Then Lemma [27] implies that 
/ : A/ — > M"^ has no further components. Therefore the surface area of the blowup 
is bounded. The measure behaves under scaling by 



m(M) =r]tij{M) 
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and so we have 



fi{M) ^ lim fi{M) lim r'^fij{M) 



t=T ] 



= 0. 

t=o 



3- 

This is in direct contradiction with the fact that area is uniformly bounded away 
from zero. Thus there are no compact components of /, and Lemma [26] gives that 
there must exist at least one nonumbilic noncompact component of /. □ □ 

29. Asymptotic behaviour 

Combining the analysis of the previous sections we can finally rule out concen- 
tration of curvature in finite time. 

Proposition 30. Suppose f : x [0,T) — >• M'^ is a ([1]) flow. Then there exists a 
constant eo > such that if 



\A°\^dn 

M 



then T — oo. 



Proof. Assume otherwise, and then by the Lifespan Theorem there exists a T < oo 
such that curvature concentrates at time T. Performing a blowup as in Section 3 
at T we recover a stationary surface / with small tracefree curvature due to the 
scale invariance of ||A°||2 and Proposition [T^ Now Theorem [TUl implies / must 
be a plane or sphere, which contradicts the nontriviality of the blow up, Theorem 
1281 Thus there does not exist a finite time when curvature concentrates, and so 

r = oo. □ □ 

Smooth (sub)convergence to round spheres now follows by using a similar argu- 
ment, constructively instead of for the purposes of contradiction. This is similar to 
Lemma 5.4 in [14 , and so we omit the proof. 

Lemma 31. Suppose f : M"^ x [0,r) is a surface diffusion flow satisfying 

Q. Then for any sequence tj oo there exist Xj £ M"^ and E Diff{M) such 
that, after passing to a subsequence, the immersions f{(j)j,t) — Xj converge smoothly 
to an embedded round sphere. 

The above implies that Proposition [T^] may in fact be strengthened to 

/ \A°\'^d^l \ as t oo. 

JM 

We finish by proving exponential decay of curvature. 



Proposition 32. Suppose f : A'P x [0, T) R"^ is a surface diffusion flow satisfying 
Q. Then there exists a A > such that as t oo the following asymptotic 
statements hold: 



||V(fc)A||oo < c^^e-^*, and ||A°||oo < c^e-^* 
for k>l. 

Proof. First note that using an argument similar to that used to prove (|17p one 
may establish the estimate 

^^^^ Jt Jm ^ ^ \ArH')d,, < 0. 
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Let A = ii{Mt)\^_rp. Then Lemma 1311 above implies that the sectional curvature 
and mean curvature satisfy 

ll^lloc^^, and ||i/2||^„^i^ 
as i oo respectively. Therefore there exists a tn < oo such that 

>CH > 0, for all t > tn- 
From now on we assume t >tH- Note that we may assume c/f < 1. Using (|27p . 

Integrating gives 

(28) / \A"\^dfi+^r [ |V(2)^|2 + |VApdMciT<e-^^*, 



where A = Note that we needed Lemma I5T] for Jj^\A°\^dn\^_^ = in the 
above. From this estimate and again Lemma |31I we can obtain exponential decay. 
From Proposition [T71 taking p oo gives 



di 



I \\7^k)A\^dfi+ [ \V^k+2)A\'df,< [ {P^+'iA)+Pr^{A))^V^k)Ad^l. 

JM JM JM 

Note that the term c|| A||2 [^ya] disappeared due to the dependence of the constant 
on p. From Lemma |31I we know that A and all its derivatives remain bounded as 
t oo, so we estimate 

/ P^{A)*V(k+2)A*V(k)Adp<e j \V(^k+2)A\^dp + c, [ \V(^k)A\''dp, 
JM Jm JM 

I {P^+\A) + P^iA)) * V^u)Adp <cJ2 [ \^U)A\'dp^ 

JM j^iJM 



where the constant is not universal (i.e. depends on derivatives of curvature). 
p!^+'^{A) denotes all terms of type P^^'^{A) that do not contain the (fc + 2)-th 
derivative. We thus obtain 



fe+i 



^1 \V^k)A\'dp + \ j \y^k+2)A\'dp<cJ2 f \^U)A\'dp. 

JM ^ JM JM 

A proof by induction using (|28l) then gives 



This gives us the estimates 

< ce-^*, and \\S/(^k)A\\2 < ce"^*. 
Using Lemma [7] finishes the proof. □ □ 
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